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Abstract 

A local strict comparison theorem and some converse comparison theorems are 
proved for reflected backward stochastic differential equations under suitable condi- 
tions. 
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1 Introduction 

The comparison theorem turns out to be one classical result for backward stochastic 
differential equations (BSDEs). It allows us to compare the solutions of two real- valued 
BSDEs by comparing the terminal conditions and the generators. In a converse way, Peng 
is concerned in 1997 with the following converse comparison property for BSDEs: if the 
solutions of two real-valued BSDEs are equal at the initial time for any identical terminal 
condition, their generators are identical. For works on this problem, the reader is referred to 
among others: Chen [3], Briand et al. PQ, Coquet et al. [2], and Jiang [9]. In their arguments, 
the strict comparison theorem of BSDEs plays a crucial role. 
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On the other hand, the solution Y of a reflected BSDE (RBSDE) characterizes the 
value process of an optimal stopping time problem, and the price process {Yt}o<t<T of an 
American option is a solution of an RBSDE (See El Karoui et al. [5]): 

Y t = {X T -k) + - J [rY s + 9Z s )ds + K T -K t - J Z s dB s , (1.1) 

with 

Y t >S t :=(X t -k) + , We M; / (Y t -S t )dK t = 0. 

Jo 

Here 9 := er _1 (/i — r) is the premium of the market risk, and {X t } <t<T is the stock price 
process satisfying the following SDE: 

X t = X + [ fiX s ds+ [ aX s dB s , £e[0,T]. 
Jo Jo 

Define the stopping time r := inf{t : Y t = S t }, which is the time when the investor would 
take the action to sell or buy the stock. The theory of RBSDEs existing in the literature 
only reveals how the price Y t depends on the generator g(y, z) := ry + 6z, y € 1R, z e R and 
the strike price k (more generally speaking, the obstacle and the terminal value) as well. 
It is natural to ask how the premium 8 (more generally speaking, the generator g) can be 
obtained from a family of American options parameterized by the strike price kl Then, the 
relation among the solution, the generator and the obstacle becomes interesting. 

In this paper, we are concerned with comparison theorems and converse comparison 
theorems for RBSDEs under suitable conditions, which reveal some monotonicity between 
the solution, and the generator and the obstacle of a RBSDE. 

The rest of the paper is organized as follows. In Section 2, we provide some preliminary 
results on BSDEs and RBSDEs. In Section 3, we first illustrate that quite different from 
BSDEs, RBSDEs do not have the global comparison property. Then we prove a local strict 
comparison theorem for RBSDEs. In Sections 4 and 5, we discuss converse comparison 
properties for RBSDEs when the obstacle is not previously given and when the obstacle is 
previously given, respectively. Some interesting comparison theorems are obtained in both 
cases. 



2 Preliminaries 

In this section, we give some basic results on BSDEs and RBSDEs. They will be used 
in the subsequent sections. 

Let (fl, JF, P) be a probability space and {B t }t>o be a d-dimensional standard Brownian 
motion on this space such that B = 0. Denote by {J-"t}t>o the filtration generated by 
Brownian motion {B t } t > : T t '■= cr{B s , s € [0, £]} V Af, t e [0, T], where Af is the set of all 
P-null subsets. Let T > be a given real number. For any positive integer n and z € R n , 
\z\ denotes the Euclidean norm. 
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Define the following two spaces of processes: 

H 2 (0,T;R n ) := {{ipt}o<t<T is an Revalued predictable process s.t. E I \ip t \ 2 dt < +00} 

Jo 

and 

5 2 (0,T;R) := {{ipt}o<t<T is a predictable process s.t. E[ sup \ipt\ 2 ] < +00}. 

0<t<T 

Consider function g : fix [0, T] x Rx R d — > R such that {g(t, y, z)} t e[o,T] is progressively 
measurable for each (y, z) in R x R d . We make the following assumptions on g throughout 
the paper. 

(Al) There exists a constant K > such that a.s. for t E [0, T], 
\g(t,y uZl ) - g(t,y 2 ,z 2 )\ < K(\ yi -y 2 \ + \ Zl - z 2 \), Vt E [0,T],V yi ,y 2 E R, z u z 2 E R d . 

(A2) The process g(-, 0, 0) E H 2 (0, T; R). 

(A3) g(t, y,0) = a.s. for any (t, y) E [0, T] x R. 

(A4) The mapping t 1— > g(t, y, z) is continuous a.s. for any (y, z) E R x R d . 

Remark 2.1. It is obvious that Assumption (A3) implies Assumption (A2). 

It is by now well known (see Pardoux and Peng [10] for the proof) that under Assump- 
tions (Al) and (A2), for any random variable £ E L 2 (0 , T T , P) , the BSDE 

yt = ^ + J g(s,y s ,z s )ds- J z s dB s , 0<t<T (2.1) 

has a unique adapted solution {y T ^, z T ^) e <S 2 (0, T; R) x H 2 (0, T; R d ). 

In the sequel, we always assume that g satisfies (Al) and (A2). We introduce the 
following operator e g ^: for any £ E L 2 {®,Tt, P), denote by e s ,r[C] an d e g ) T[£,\3 r t\ the initial 
value y^' 9 ^ and the value yj' 9 '^ at time t of the solution to BSDE (12. ip . respectively. For a 
stopping time r, the operator e giT can be defined in an identical way. 

We give some basic results of BSDEs, including Lemmas 2.1, 2.2 and 2.3, which can 
be found in Briand et al. [T] or Peng [TTj . El Karoui et al. [B], and Jiang [9], respectively. 

Lemma 2.1. (Comparison Theorem) Assume that two fields g\ and g 2 satisfy (Al) and 
(A2). Consider^, £ 2 E L 2 (VL,F T ,P). We have 

(i) (Monotonicity) If £1 > £ 2 and gi > g 2 a.s., then £ 91 ,t[£i] > £g 2 ,T[&}> an d 
e 9uT [£AH > £ S2i t[6I^] a.s. /or t e [0,T]. 

(ii) (Strict Monotonicity) If^ > £ 2 ,gi > g 2 , and P({£i > 6}) > 0, then ^({e^TfCil-^t] > 
%t[6I^]}) >0fortE [0,T]. In particular, e g>T [£i] > e fl ,r[6]- 
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Lemma 2.2. Assume that the field g satisfies assumptions (Al) and (A2). Consider the 
stopping time r <T and £ G L 2 (Q, jF r , P). Define 

g(t,y,z) :=g(t,y,z)l l0)T] (t), V(t,y,z) G [0,T] x R x K d . 

Then 

£ gA£] = and ^[Cl^t] = e^r^l^i] a-«- fort G [0,r]. 

Lemma 2.3. Assume that two functions g\ and g<i satisfy assumptions (Al), (A2) and (A4)- 
Then the following two assertions are equivalent: 

(i) £ gi , r [C] = %2,t[£] f or each stopping time r <T and any £ G L 2 (f2, JF T , P). 

(ii) gi(t,y,z) = g 2 (t,y,z) a.s. for any (t, y, z) G [0, T] x R x R d . 

We introduce the conditional ^-expectation (see Peng [TTJ [12], Chen [3], Coquet et 
al. 0,[4]). Suppose g satisfies (Al), (A3) and (A4). We set, for any stopping time r taking 
values in [0, T], 

e 9 [^A :=y T r 9 H= e 9 , T [^r]). 

It can be shown that e 9 [^|jF T ] is the unique JF r -measurable, square-integrable random variable 
rj such that 

e g [l A v] =e g [l A Z], VAGJV. 

Therefore it is called the ^-expectation conditioned on T T . Notice that ^-expectation e g is a 
particular example of the nonlinear expectation introduced in [H HJ [TT], [12] . Now we borrow 
from [2] the converse comparison theorem for ^-expectation. 

Lemma 2.4. Suppose that two functions g\ and g 2 satisfy assumptions (Al), (A3) and (A4)- 
Then the following two assertions are equivalent: 

(i) e 9l [£] > e 92 [£] for any £ G L 2 (fi, T T , P). 

(ii) g x {t,y,z) > g 2 (t,y,z) a.s. for any (t, y, z) G [0, T] x R x R d . 

A reflected BSDE is associated with a terminal condition £ G L 2 (Q, Tt, P), a generator 
g, and an "obstacle" process {S t }o<t<T- We make the following assumption: 

(A5) {S t }o<t<T is a continuous process such that {S t }o<t<T £ 5 2 (0,T; R)- 

The solution of a RBSDE is a triple (Y, Z, K) of ^-progressively measurable processes 
taking values in R x R d x R + and satisfying 

(i) Z G ft 2 (0,T;R d ), Y G S 2 (0,T;R), and K T G L 2 (n,F T ,P); 

(n)Y t = £ + J g{s,Y s ,Z s )ds + K T -K t - J Z s dB s , te[0,T\- (2.2) 

(iii) > a.s. for any £ G [0, T]; 

(iv) {AT*} is continuous and increasing, K = and J^(Y t — S t )dK t = 0. 

The following two lemmas are borrowed from El Karoui et al. [7]. 
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Lemma 2.5. Assume that g satisfies (Al) and (A2), £ G L 2 (Q, Tt, P) , {St}o<t<T satisfies 
(A5), and St < £ a.s.. Then RBSDE \2. 2\) has a unique solution (Y,Z,K). 

Remark 2.2. For simplicity, a given triple (£,</, S) is said to satisfy the Standard Assump- 
tions if the generator g satisfies (Al) and (A2), the terminal value £ G L 2 (Q, Tt-, P) , the 
obstacle S satisfies (A5), and St < £ a.s.. 

Lemma 2.6. (comparison theorem) Suppose that two triples (£i, g±, S l ) and {£,2,g2,S 2 ) sat- 
isfy the Standard Assumptions (in fact, it is sufficient for either g\ or (72 to satisfy the 
Lipschitz condition (Al)). Furthermore, we make the following assumptions: 



Let (Y\ Z\ K 1 ) and (Y 2 , Z 2 , K 2 ) be adapted solutions of RBSDEs with data (£i,gi, S 1 ) 
and (£2, g2, S 2 ), respectively. Then Y^ < Y 2 a.s. fort G [0,T]. 

Lemma 2.7. Assume that (£i,gi,S) and (^2,g2,S) satisfy the Standard Assumptions. Fur- 
thermore, we make the following assumptions: 

(i) 6 < £2 a.s.; 

(ii) gi(t,y,z) <g 2 (t,y,z) a.s. for (t, y, z) G [0, T] x R x R d . 

Let (Y 1 , Z l ,K x ) and (Y 2 , Z 2 ,K 2 ) be adapted solutions of RBSDEs (fO|) with data (^, gi , S) 
and (£,2,g2,S), respectively. Then we have 

K\ > K 2 a.s. for t G [0, T], and K\ — K 2 is increasing in time variable t. (2.3) 

See Hamadene et al. P, Proposition 41.3] for the detailed proof of Lemma [2. 71 

3 Local strict comparison theorem for RBSDEs 

In contrast to BSDEs, the strict comparison theorem is not true in general for RBSDEs. 
Here are two counterexamples. 



Example 3.1 Take T = 1, g = §, & = §, £ 2 = \, and S t = -2t + 1 for t G [0,T]. 
Then the solution (Y 1 , Z X ,K X ) of RBSDE (T22D with data (£1, g, S) is given by 



(i) 6 < 6 a.s.; 

(ii) gi{t,y,z) < g 2 (t,y,z) a.s. for (t, y, z) G [0, T] x R x R d ; 
(hi) S} < S 2 a.s. forte [0,7]. 




The solution (Y* 



2 , Z 2 , K 2 ) of RBSDE (T22D with data (f 2 , g, S) is given by 
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Obviously, Yl = Y 2 for t G [0, and If < F t 2 for i G 1]. Moreover, i^ 1 > K 2 for 
t G [0, 1]. The strict comparison theorem of RBSDE ( 12. 2D does not hold. 

The following example shows that even if the generator is zero, it happens that the 
strict comparison theorem of RBSDE (12.21) may not be true. 

Example 3.2 Take T = 1, g = 0, & = §, f 2 = |, and 5 t = -2t + 1 for * G [0,T]. 
Then the solution (Y\ Z X ,K X ) of RBSDE (E2D with data 5) is given by 

^ = 1!-^'^-^! Z? = 0, 0<t<l; = 

4 I h if|<t<i; 4 * I f, if |<*<i. 

The solution (Y 2 , Z 2 , K 2 ) of RBSDE (Q with data (£ 2 , 5) is given by 



i-a, ifo<i<| 2 Q< 2 f2*. ifo<*<J 

* I i if i < t < 1: 4 - - . t I 1 if i < £ < 1. 



Obviously, if = If for t G [0, |] and If < If for t G (|, 1]. Moreover, K\ > K 2 for 
i G [0, 1]. The strict comparison theorem of RBSDE (I2.2p does not hold. 
However, we have the local strict comparison theorem. 

Theorem 3.1. Suppose that two triples (£i,g, S) and (£2, g, S) satisfy the Standard Assump- 
tions. Moreover, assume that 

6 < & a.s. and < 6}) > 0. 

Let (Y X ,Z X ,K X ) and (Y 2 ,Z 2 ,K 2 ) be adapted solutions of RBSDE §EM with data (£i,g,S) 
and (£ 2 , g, S), respectively. Then there exists a stopping time r such that r <T almost surely 
andP{{Y x <Y 2 , Vi G [r, T]}) > 0. 

Proof. From Lemma 2.6, we have 

if <lf a.s./ortG [0,T]. (3.1) 
Define a sequence of stopping times {r fc }^ =1 in the following way: 

7i :=0 

and 

r fc+1 = inf{t > r fc + -(T — r fc ) : if = if} A T, k = 1,2, 

It is obvious that the sequence {7*,}^ is both bounded by T and non- decreasing. Therefore, 
it has an almost sure limit r, which is still a stopping time satisfying t < T. Since 

T-fe+i > r k + ~(T - T k ), k = 1,2,..., 

we have by passing to the limit that r > r + |(T — r), that is, r > T. Hence, t — T. 
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Furthermore, we assert that there is some positive integer ko such that P({rk = T}) > 
0. Otherwise, we have 

P({r k <T}) = l, A: = 1,2, ... . 

This implies the following 

K\ = Yl fc = l,2,.... 

Passing to the limit, we have Y^ = Yj! a.s. . That is, £1 = £2, which contradicts the 
assumption that P({£i < £2}) > 0. 

Take the smallest integer k among those positive integers ko such that P({rfc = T}) > 
0. Then, we have 

fc>l, P({r k = T})>0, r k <Ta.s.. 
We assert that the stopping time 

is a desired one of the theorem. In fact, by definition of r k , we have < Y 2 on the interval 
[f , T] whenever tj. = T. Therefore, 

P({1? < Yl \/t G [f, T]}) > P({r k = T}) > 0. (3.1) 

The proof is complete. □ 

Corollary 3.1. In Theorem \3.1\ if g is either bounded from below by a nonnegative constant 
C\ or satisfies (A3), (i = 1,2) are bounded from below and the obstacle process S are 
bounded from above by a constant C2, then we have 

Y t l < Y t 2 a.s., and P{{Y t l < Y t 2 }) > for t e [0, T). 

In particular, we have Yq < Yq . 

Proof. Consider the following BSDEs: 

Y« = 6 + f g{sX\Z's)ds- J T Z';dB s , 0<t<T, i = l,2. 

Obviously, it follows from Lemma O that Y* > C 2 > S t a.s., i = 1,2, and P({F/ 1 < F/ 2 }) > 
for t G [0, T]. From Lemma 2.5, we have 

Yi = Y' t \ Z\ = Z' t \ and K\ = a.s. for t G [0, T]. 

Therefore P({Y^ < Y 2 }) > for t G [0, T\. Then the proof is complete. □ 
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4 A converse problem for RBSDEs 



In this section, we consider the general converse comparison theorem for RBSDE (12. 2p . 
Coquet et al. [2] prove the converse comparison for BSDEs: if gi,g% satisfy (Al), (A3) and 
(A4), and £ gi , T [(] > £ 92 ,t[€] for an y £ e L 2 (fi, J" T ,P), then gi(t,y,z) > g 2 (t,y,z) a.s. for 
(t,y,z) e [0,T] x R x R d . 

Consider the converse comparison for RBSDE (12.21) . It is interesting since the strict 
comparison theorem is not true for RBSDE (12.21) and several arguments developed for BSDEs 
have to be modified for RBSDEs. 

In the sequel, we always assume that the data (£,g, S) satisfies the Standard Assump- 
tions for RBSDEs. We introduce the following operator e r \ denote by eJ T [^] and e^T^I-^t] 

T o £ S T o 3 S _______ 

the initial value Y and the value Y t at time t of the solution of RBSDE (12. 2p with 
data (£,g,S), respectively. 

Theorem 4.1. Suppose that two functions gi and g 2 satisfy assumptions (Al), (A3) and 
(A4)- Then the following two conditions are equivalent: 

(i) £g Xj T[£] > £ g 2 ,T[£] f or an U C L 2 (Q, Tt-, P) and any obstacle process (S t )o<t<T 
satisfying (A5) and £ > St a.s.. 

(ii) gi (t, y, z) > g 2 (t, y, z) a.s. for (t, y, z) G[0,T]xRx R d . 

Proof. Thanks to Lemma 2.6, it is obvious that (ii) implies (i). It is sufficient to prove 
that (i) implies (ii). 

For £ G L 2 (tt, T T , P), consider the following BSDE: 



where K = max(i^i, K 2 ) with K\ and K 2 being the Lipschitz constants of g\ and g 2 , respec- 
tively. Then {Y t } Q < t <T satisfies (A5) (see El Karoui et al. [6 J for the detailed proof). Set 
S := Y. Since £ > St, from assumptions (Al), (A3) and Lemma 2.1, it follows that 



From Lemma 2.5, we see that (y\z\0) is the solution of RBSDE ( 12. 2p with data (£,gi,S) 





y\t) > S t a.s. for te[0,T). 



for % 
that 



% = 1,2. In particular, = y l (0) for % — 1, 2. 



Therefore, we get from the assumption 




□ 



As an immediate consequence of Theorem 14.11 we have 
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Corollary 4.1. Assume that functions g\ and g 2 satisfy assumptions (Al), (A3) and (A4). 
Then the following two conditions are equivalent: 

(i) e fli,T[£] = £ s 2i t[C] / or an U £ e L 2 {Vt,T T ,P) and any obstacle process {S t } < t < T 
satisfying (A5) and £ > 5y a.s.. 

(ii) 2/, z) = y, z) a.s. for any (t, y, 2) G [0, T] x R x R d . 

Remark 4.1. T/ie assertion of Theorem \4-l\ is not true if assumption (A3) fails to be 
satisfied. To show this fact, consider the following example: 

9i(t) = tlprfi) + |l[|,T]W ™d g 2 (t) = |l [0 ,f)(*) + (T - t)l { T }T] {t). 

Then, for any £ G L 2 (Q, P), any {S t }o<t<T satisfying (A5), and £ > St a.s., it follows 
from El Karoui et al. Proposition 2.3] that 

e r 91 ,T^} < s^}. 

However, g\ ^ g 2 . 

Remark 4.2. If the obstacle process {S t }o<t<T is previously given and e r gi T [£] > £ r g2t T[£,} on ^y 
for those £ G L 2 (Q, JF T , P) such that £ > St a.s., then Theorem \4-l\ is not true in general. 
It suffices to consider the following example: 

9i(t,y,z) = nx{y - ci)~ A \z\ and g 2 (t,y,z) = fi 2 (y - c 2 )~ A \z\, 

with C\ < c 2 and fii > /i 2 . It is obvious that gi and g 2 satisfy assumptions (Al), (A3), 
and (A4). Furthermore, take S t = c 2 , t G [0,T]. Then for any £ G L 2 (f2, JF T , P) satisfying 
£ > St a.s., we have 

However, we have neither g\ > g 2 nor gi < g 2 . 

When assumption (A2) instead of (A3) is made on g, we have the following converse 
comparison result. 

Theorem 4.2. Assume that functions g\ and g 2 satisfy assumptions (Al), (A2) and (A4). 
Then the following two conditions are equivalent: 

(i) e£ lT [£] = £ g 2 , T [£] f or an V stopping time r < T, any £ G L 2 (fi,jF r ,P), and any 
obstacle {S t }o<t<T satisfying (A5) and £ > S T a.s.. 

(ii) gi(t, y, z) = g 2 (t, y, z) a.s. for any (t, y, z) G [0, T] x R x R d . 

Proof. Thanks to Lemma 2.6, it is obvious that (ii) implies (i). It is sufficient to prove 
that (i) implies (ii). 

For £ G L 2 (Q, JF T , P), consider the following BSDE defined on the interval [0, r] : 

-dy%t) = 9i (t, y l (t), z l (t))dt - z'ftdBt, 

y\r) = e, 
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for i = 1, 2. In view of Lemma 2.3, it suffices to show that £ 9l)T [£] = £ 3 ,t[£]- 

Consider the obstacle process {S t }o<t<T which is defined to be £ on [r, T], and on [0, r] 
is taken to be one component of the solution of the following BSDE: 

[ gi (s,0,0) A g 2 (s, 0,0)- K\S s \-K\Z s \]ds~ J Z s dB s , 

where K = max(Ki, K 2 ), K\ and K 2 are the Lipschitz constants of g\ and g 2 , respectively. 
The above equation admits a unique solution {S t }o<t<T, which satisfies (A5). Since £ > S T , 
it follows from assumptions (Al), (A2), Lemmas 2.1 and 2.2 that 

y\t) > S t a.s. on the interval [0,r]. 

From Lemma 2.5, we get that (y\z\0) is the solution of RBSDE (12.21) with data (£,gi,S) 
on the interval [0,r] for i = 1,2. In particular, e^ T [£] = y l {0) for i = 1,2. Therefore, it 
follows from the assumption that 

The proof is complete. □ 

Remark 4.3. From the example in Remark 4-1, we can get that if g only satisfies (Al), (A2), 
and (A4), assertion (ii) of Theorem \4 . S\ fails to hold under the condition (i) of Corollary 4-1- 

5 Alternative converse problem for RBSDEs with the 
obstacle process {*5 , ^}o<t<T being given 

Remark 4.2 shows that if the obstacle process {S t }o<t<T is previously given, it is im- 
possible in general to compare the generator g on the whole space x [0,T] x R x R d . In 
this section we shall show that we can still have the local converse comparison theorem for 
RBSDEs on an upper semi-space Q x [0, T] x [C, +oo) x R d , specified by the uniform upper 
bound C of the obstacle, which is actually the whole space if the generator does not depend 
on the first unknown variable y (see Theorem 15.21 below) . 

Assume that the data (£, g, S) satisfies the Standard Assumption for RBSDEs. But to 
emphasize the dependence on the obstacle process {S t }o<t<T, denote by an d ^tI^I-^] 

the initial value Y and the value Y t at time t of the solution of RBSDE (2.2) with 
data (£,g,S), respectively. 

Proposition 5.1. Suppose that g satisfies (Al) and (A2), and the obstacle process {St}o<t<T 
satisfies (A5). For the stopping time r <T, and the terminal value £ G L 2 (Q, !F T ,P) such 
that £ > S T a.s., then we have 

where 



g{t,y,z) := g(t,y,z)l[ 0;T] (t) and S t := S tAr a.s. for (t,y,z) G [0, T] x R x R d . 
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Proof. Consider the solution (Y T '^f, Z T ^\ K T ^) of RBSDE (2.2) with data 

(£,g,S) on the interval [0,r], and (y™' s } Z™' S ,K™' S ) of RBSDE (2.2) with data 

(U,S) on the interval [0,T]. Obviously, egfc] = y o T ' s '«' 5 and ej$[£] = Y T Q M ' S . _ 

For simplicity, denote (Y T ^ S , Z T ^ S , K T ^ S ) and (y™' s ^z™' S ,K™' S ) by (Y, Z, A") 
and (Y, Z, K), respectively From Lemma 2.5, we have 

Y(t) = £,Z(t) = 0,K(t) = K(t) on the interval (r,T]; 
Y(t) = Y(t),Z(t) = Z(t),K(t) = K(t) on the interval [0,r]. 

Therefore, 

□ 

Theorem 5.1. Assume that two functions g 1 and g 2 satisfy assumptions (Al), (A3) and 
(A4), and the obstacle process {S t }o<t<T satisfies (A5). Moreover, assume that there is a 
constant C such that 

sup S t < C a.s.. 

0<t<T 

If for each stopping time t <T , we have 

> for any £ £ L 2 (Q, T T , P) such that £ > S r a.s., 

i/ien we /iai>e 

gi(t, y, z) > g 2 (t, y, z) a.s. for any (t, y, z) £ [0, T] x [C, +oo) x R d . 
Proof. For each 5 > and (y, z) £ (C, +oo) x R d , define the following stopping time: 
n = r 5 (y, z) = inf{t > : g x (t, y, z) < g 2 (t, y, z) - 6} A T. 
If the result does not hold, then there exists S > and (y, z) £ (C, +oo) x H d such that 

P({r s (y,z) <T}) >0. 
For such a triple (<5, y,z), consider the following SDEs defined on the interval [ts, T\. 

f -dY 1 (t)=g 1 (t,Y 1 (t),z)dt-zdB t , 

and 

r -dy 2 (t) = # 2 (t, y 2 (t), - zds t , 

I Y\r & )=y. 

For i = 1,2, the above equations admit a unique solution Y % £ 5 2 (r<5, T; R). 
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Now we define the following stopping times: 

T l 5 = inf{i > r 5 : Y t l < S t } A T, 
t] = mi{t > r 5 : Y? < S t } A T, 
= inf{* > ri : 9 i(t, Y\t), z) > g 2 (t, Y 2 (t), z )- 5 -}AT. 

Note that rj = r| = t' s = T, if r 5 = T. Obviously, {r 6 < r}} = {r 5 < r|} = {r 5 < r' 5 } = 
{r 8 < T}. Define 

= T s A r| A 7^. 

Hence -P({t<5 < r|}) > 0. Moreover, we have Y t x > S t and Y^ 2 > St on the interval [t<5,t|). 
Then the solution z,0) is the solution of RSBDE (2.2) with data (^(rf), ft, S) on 

the interval [75, r|] for i — 1, 2. 

We first get the following three lemmas. 

Lemma 5.1. e r ^ Tt [y] = e gi>Tg [y] =y fori = 1,2. 

Proof. Consider the following BSDE defined on the interval [0,7$]: 

f -dy\t) = 9l {t,y\t),z\t))dt- z\t)dB t , 
I y l {n) = y. 

From assumption (A3), we see that 

y 1 {t) = y and z l {t) = on the interval [0, Tg\. 

Obviously, the triple (y 1 ,^ 1 ^) is the solution of RSBDE (2.2) with data (y,gi,S) on the 
interval [0,75]. Similarly, we have s r g f Tg [y] = e g2jTs [y] = y. The proof is complete. □ 

Lemma 5.2. The strict inequality Y 1 ^) > V 2 (r|) holds on {t$ < r|}. 

Proof. From the definitions of t' s and Y\ we have 

Y\r!) - F 2 (rl) = jT' Ms, Y 2 (s), z) - 9l (s, Y\s), z)]ds > |(t£ - r 5 ) > 0, 

on {ts < Tg}. The proof is complete. □ 

Lemma 5.3. e^^if)] = e^Y^rf)]. 

Proof. Consider the following BSDE: 

/ -dY\t) = g 2 (t,Y 2 (t),Z 2 (t))dt- Z\t)dB u te[0,r!}; 
\ Y\rf) = Y\rf). 
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From the definition of r| and Lemma 5.2, we get 

^Vf) > Y 2 (r!) and P({F 1 (r|) > r 2 (rj)}) > 0. 
On the other hand, we have 

C|[ y2 ( T ")] = £ ^[Y 2 (rr)} and ^[^(7?)^] = £ 92 , T a[r 2 (rf )|^] on [0,rf]. 

From Lemma 2.1, we get F 2 (t) > £ g2 , T |[^ 2 (r|)|^] > S(t) on [0,r|]. Therefore (y 2 ,Z 2 ,0) 
is the solution of RBSDE (2.2) with data (y 1 (r|), g 2 , S) on the interval [0, rf ]. The proof is 
complete. □ 

Let us return to the proof of Theorem 5.1. 

Thanks to Lemma 5.1, we have 



and 



On the other hand, from the definition of r| and Lemma 5.3, it follows that 

d[ y2 ^ 3 )]=^,i^ 2 (-i)] 

and 

respectively. Furthermore, from Lemma 2.2 we get 

^rfinr!)} = e g2 , Tl [Y\rf)} = %2)T [^|)], i = 1,2. 

Here, g 2 (t,y,z) := ^(t, 2/, ^)l[o iT |](t) for aet G [0,T] and any (y, 2) G R x R d . From the 
definition of r| and Lemma 5.2, it follows that 

Y\r!) > Y\r!) and P({y 1 (r|) > r 2 (rj)}) > 0. 



Therefore, in view of Lemma [2.11 we have 

-2/ 3\l . _ [ V l/J 



^AY\m<e- g2 , T [Y L {rl)\. (5.1) 
Concluding the above, we get 



y = Cf [ y2 ( r ^ = e ^l\Y\r!)] = s- 92 AY 2 {t!)} < e- g2 AY\r!)} = e^Y^rf)} 
= Cr ! { Yl ^)]<e r g * r! iY 1 (Ti)] = y- 

This is a contradiction. The proof is complete. 
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Remark 5.1. Consider the example given in Remark 4-2. Furthermore, assume that y« 2 > 0. 
Immediately, we have the following three facts: (i) gi(-,y,-) = 92{-,y,-) when y > c 2 ; (it) 
gi(-,y,z) < g 2 (-,y,z) when c 1 < y < c 2 and z ^ 0; and (in) g^-.y.z) > g 2 (-,y,z) when 
y < Ci — \z\ and z ^ 0. 

On the other hand, since 

Snrfft and 4i,tIOT = e r 92 , T [t\Ft] a.s. for t G (0,T] 

for any £ G L 2 (fl, !F T , P) satisfying £ > St a.s., we deduce the above fact (i) from Theorem 
5.1. The other two facts (ii) and (Hi) demonstrate that the conclusion of Theorem 5.1 is the 
best possible in the underlying example. 

In Theorem 5.1, the bound assumption on the obstacle process appears to be very 
restrictive. In what follows, we show that if the generator of RBSDE (12. 2p does not depend 
on the first unknown variable y, we can get the following global converse comparison result 
without the bound assumption. 

Theorem 5.2. Suppose that two fields g\ and g 2 satisfy assumptions (Al), (A3) and (A4), 
and the obstacle process {St}o<t<T satisfies (A5). Furthermore, assume that gi and g 2 do 
not depend on y. If for each stopping time t < T, 

e r g \ S M ^ 4frK for any £ G L 2 (Q, T T , P) such that £ > S T a.s., (5.2) 

then we have 

9i(t, z) > g 2 (t, z) a.s. for (t, z) G [0, T] x R d . (5.3) 
Proof. Step 1. If 

su Po<*<t $t is bounded from above, then the desired assertion is 

immediate. 

Step 2. For a large integer n, define the stopping time 

r n := M{t > : S t > n} A T. 

Then < r n < Ta.s. . Since So is a deterministic finite number and S is continuous, we 
have r n > a.s. for any n > So + 1. 

For every n > S + 1, define g&z) := z)l[ 0>Tn ](t) and S t = S tATn for (t,z) G 
[0, T] x H d with 2 = 1,2. Then for each stopping time r <T and any £ G L 2 (fl, T T , P) such 
that £ > S T , if we have 

^>€M (5-4) 
then noting that St < n on [0, T] (in view of the definition of r n ), we have from Step 1 that 

9i(t, z) > g 2 (t, z) a.s. for (t, z) G [0, T] x R d . 

That is, 

9i(t, z) > g 2 (t, z) a.s. for (t, z) G [0, r n ] x R d . 
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Obviously, r n j T as n — > oo. Passing to limit, from assumption (A4) we get 

9i(t, z) > g 2 (t, z) a.s. for (t, z) G [0, T] x R d . 

The proof is then complete. Therefore we only need to prove inequality (15 .4p . 

Define = z)l[ , T ](t) and 5 t = S tAT for (t, 2) G [0,T] x R d with % = 1,2. It 

follows that <7i(t,z) = ^)l[o,rAr„](*) and £ t = S tA TAT n for (i, z) G [0,T] x R d , z = 1,2. 
From Proposition 5.1, we have 

On the other hand, from the definitions of gi(t, z) and S, we have 

£ §1,t[^] = e Pi,rAr„[ £ §i,T[C|-^ rAr,J] = ^lyrArn [ £ §i,t[C|-^ rArJ]- 

Therefore 



Similarly, 



£ Sl ,r [£] ~~ £ g'i,TATn i £ g\ ,T [C I Ar n 



£ <7 2 ,-r[£] ~~ £ g' 2 S 'TAT n [ £ g2,r[?l-^ : T"Ar n 



Also, thanks to the definitions of 2;), -2) and S 1 , we get 

For simplicity, we set 77 := t [£I-?vatJ- Obviously 77 G L 2 (fi, jF rArn , P) and 77 > 5 tAt „. Then 
from the assumption, it follows that 

Now we end up with the proof. □ 

Remark 5.2. Obviously, ( 15. 2\) and $5.3\) in Theorem 5.2 are also equivalent. 

If assumption (A3) is replaced with assumption (A2) in Theorem 15.11 then we have 

Theorem 5.3. Assume that two random fields g\ and g 2 satisfy assumptions (Al), (A2) 
and (A4), and the obstacle process {S t }o<t<T satisfies (A5). If for any two stopping times r 
and a such that r < a < T , 

> e r £ g [Z\F T ] a.s. for£eL 2 (n,F a ,P) such that i> a.s., (5.5) 

then for any continuous process Y G S 2 (0, T; R) such that Y(t) > S t a.s. with t G [0, T], we 
have 

9l (t,Y(t),z) > g 2 (t,Y(t),z) a.s. for (t,z) G [0,T] x R d . (5.6) 

In particular, 

9l (t,S(t),z) > g 2 (t,S(t),z) a.s. for (t,z) G [0,T] x R d . (5.7) 
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Proof. In view of the continuity of gi(t,y,z) and g2(t,y,z) in y, it is sufficient to 
prove (15.61) for any continuous process Y G S 2 (0,T;H) such that Y(t) > S t + e a.s. with 
t G [0, T] for some constant e > 0. We shall prove it by contradiction. 

Otherwise, there would exist S > and z G R d such that 

P({r 5 (z) < T}) > 0. 

Here for 5 > and z G R d , we have defined the following stopping time: 

r s = r s (z) := mf{t > : 9l (t, Y(t),z) < g 2 (t, Y(t), z) - 6} A T. 

For such a pair (5, z) , analogous to the proof of Theorem I5.1[ consider the following 
SDEs defined on the interval [t$, T\. 

( -dY 1 ^) = gi (t, Y 1 (t),z)dt - zdB t , 
I Y\ts)=Y(t s ) 

and 

f -dY 2 {t) = g 2 (t, Y 2 (t), z)dt - zdB t , 
\ Y 2 (r 5 )=Y(r 5 ). 

The above SDEs admit unique solutions Y % G S 2 (ts, T; R) with i = 1,2. 
Define the following stopping times: 

t\ = inf{* > t 5 : F, 1 < S t } A T, 

r a 2 = inf{* > r 5 : Y t 2 < S t } A T, 

and 

= infO > rs : <7i(i, Y\t), z) > g 2 (t, Y 2 (t), z) - -} A T. 

Note that r} = r 2 = t' 5 = T, if r 5 = T. Obviously, {r s < r}} = {r 5 < r 2 } = {r s < t' s } = 
{t 5 < T}. We define 

r| = t] A t 2 A t' s . 

Hence P({ts < r|}) > 0. Moreover, we have Y^ > S t and Y 2 > S t on the interval [ts,t$). 
Therefore, the triple (Y\z,ti) is the solution of RSBDE (2.2) with data (^(rf),^, on 
the interval [75, r|] for i = 1,2. Consequently, 

e r f ijTl [Y\r!)\T n ] = e^Y 1 ^)^} = Y{r s ) 

and 

e r f 2>Tj [Y 2 {rl)\T Ts ] = £ , 2 , T 3[y 2 (r|)|^] = Y(r s ). 
Identical to the proof of lemmas 5.2 and 5.3, we get 
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Lemma 5.4. We have 

y\r!)>Y\r!) on{r s <r!} (5.8) 

and 

e r f 2)Tl [Y\r!)\r Ts \ = e g2>T s[Y\r!)\r Ts }. (5.9) 
From the definition of r| and (15. 8p . we have 

Y l {7*) > Y\r!) a.s. and P({y 1 (r|}) > F 2 (r|)) > 0. 
Then it follows from Lemmas 12.11 and (15. 9p that 

Cf[ y Vi 5 )!^ = ^^[^(rl)!^] > e 92 , r| [y 2 (r 5 3 )|^] = e r g2 S Ti [Y 2 (Tt)\F TS ] a.s. 

and 

The last relation implies that 

nK S T s[Y\r!)\^ Ts }>Y(r s )})>0 

which contradicts the assumption that 

el S Tl [Y\ri)\F TS } < ef^[Y\r!)\T Ts ] = Y{r 5 ) a.s.. 

The proof is complete. □ 
The following gives an immediate consequence of Theorem 15.31 

Corollary 5.1. Suppose that two generators gi, gi satisfy assumptions (Al), (A2) and (A4), 
and the obstacle process {S t }o<t<T satisfies (A5). Furthermore, assume that g\ and gi do 
not depend on the first unknown variable y. If for each pair of stopping times r and a such 
that t < a < T , we have 

e^M^r] > e r ^M^r] a.s. for any £ e L 2 (Q, F a ,P) such that £ > S a a.s., 

then we have 

9i(t, z) > g 2 {t, z) a.s. for any (t, z) G [0, T) x R d . 
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